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ABSTRACT

Laboratory ultrasonics provides an ideal opportunity for studying wave propagation in random media. Models are relatively easy to construct and both the
phase and amplitude of the wave ﬁeld can be measured, so we can separate the
coherent from the incoherent intensity. Here we show detailed measurements
of wave propagation in a 1D strongly scattering medium that ﬁt the theory of
radiative transfer for both short times (ballistic propagation) and long times
(diﬀusive propagation). Including late time information gives us a unique opportunity to separate scattering attenuation from intrinsic absorption.
INTRODUCTION
When waves propagate through a medium they encode
information about the properties of that medium. The
information encoded by multiply scattered waves has a
very diﬀerent character than that associated with directly propagating or singly-scattering waves. Consider
two examples. A normal mode or standing wave can be
thought of as the superposition of traveling waves that
repeatedly sample a ﬁnite medium (by reﬂection from
or propagation around boundaries). Thus small changes
in the size or properties of the medium are ampliﬁed
by each pass of the traveling waves; this ampliﬁcation
leads to the exquisite precision of spectroscopy, allowing one to infer properties that would be completely
undetectable with directly propagating waves (Zadler
et al., 2003). On the other hand, suppose a wave passes
through a cloud of similar scatterers; if some property of
the scatterers changes, then this eﬀect is repeatedly imparted on the multiply-scattered wave, making it potentially observable even when the perturbation of a single
scatterer is unresolvable (Snieder et al., 2002; Lemieux
et al., 1998; Cowan et al., 2002).
In practice, however, exploiting multiply scattered
waves to make inferences about a medium can be far
more complicated than using single-scattering theory
such as the Born approximation. In seismology, for example, nearly all data processing algorithms are based
on single scattering theory (Aki & Richards, 1980). In
optics, there has been growing interest in using eﬀective
medium theories such as radiative transfer to model the
transport of energy in random media (Lemieux et al.,
1998). It is in these cases of strong scattering where
phases are randomized, that the single scattering model

loses its relevance. In geophysics, the scattering medium
can be a highly heterogeneous near-surface (Campman
et al., 2003), crust (Campillo et al., 1999), or the rough
boundary between core and mantle (Earle & Shearer,
1997), while in medical imaging tissue is such a strong
scatterer of light, that only diﬀuse (i.e., multiply scattered) light samples the target (Boas et al., 1995).
In seismology and laboratory ultrasonics, we have
the advantage of being able to measure both the amplitude and phase of the wave ﬁeld. Nevertheless, radiative transfer models provide the opportunity to extract information about the mean free scattering and
absorption lengths as well as the diﬀusion constant. At
early times the energy propagates ballistically, while at
later times it propagates diﬀusively. Beautiful examples of this transition can be seen in the propagation
of bulk phonons at low temperature (Narayanamurti
et al., 1978), while time-resolved images of this transition in random media such as rocks have been presented
in (Scales & Malcolm, 2003).
To study the propagation of strongly scattering surface waves in the Physical Acoustics Laboratory (PAL),
the solution to the radiative transfer equation in 1D
(Haney et al., 2003) is used to describe the data with
parameters such as scattering strength, attenuation and
energy velocity. Even though formally speaking, energy
is localized in 1D random media, our data and theory
(Sheng, 1995, equation (6.41)) suggest there is a window where energy behaves diﬀusively, and the radiative transfer model is valid. In this window it is possible to separate scattering attenuation from intrinsic
absorption. With the latter an indicator of ﬂuids, this
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Figure 2. Side-view of paths for (scattered) rays in grooved
aluminum: some surface waves travel undisturbed under the
grooves, others follow the contours of the grooves, and again
others are diﬀracted to body waves.
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Figure 1. Side-view of the angle-beam transducer launching
nearly-plane surface waves into the grooved aluminum block.

method is potentially of great interest for exploration
geophysics.
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EXPERIMENTAL CONFIGURATION

The setup of our experiment is shown in Figure 1. A
200 V repetitive pulse is used to excite an angle-beam
transducer mounted on the surface of a grooved aluminum block of dimensions 28 cm × 23 cm × 21.5 cm.
The transducer wedge has a footprint of 7 cm (in the
forward direction) by 4.2 cm. The angle of the transducer is such that its output in the aluminum model is
almost exclusively a plane surface (Rayleigh) wave.
The aluminum block has a Fibonacci pattern of
aligned linear grooves machined into one face. This pattern is quasi-periodic, increasing in complexity as the
sequence gets longer (Carpena et al., 1995). The grooves
are 1 mm wide by 3 mm deep, while the dominant wavelength of the surface waves is about 15 mm, so there
are many scatterers per wavelength as waves propagate
perpendicular to the grooves. While plane waves are incident at right angles on grooves that extend over the
entire length of the model, consistent with a 1D model,
surface wave energy is lost to body wave diﬀractions at
each groove. We treat this diﬀracted energy as attenuation (i.e., loss) in a 1D medium; intrinsic absorption in
the aluminum is virtually zero.
The wave ﬁeld is detected using a scanning laser
interferometer that measures absolute particle velocity
on the surface of the sample via the Doppler shift. The
signal was digitized at 14-bit resolution using a Gage
digital oscilloscope card attached to a PC. This setup
allows us to measure multiply-scattered waves between
the scatterers (i.e. inside the scattering medium).

RADIATIVE TRANSFER OF ENERGY

The radiative transfer equation can be derived from the
ladder approximation to the Bethe-Salpeter equation
(van Rossum & Nieuwenhuizen, 1999), and is used to
describe the intensity in strongly scattering media. Often this model is intuitively explained by a random walk
of photons or phonons between scatterers in a homogeneous background material (Paasschens, 1997; Lemieux
et al., 1998). In our experiment, the behavior of scattering surface waves is complex (Viktorov, 1967), but the
“random walk” includes the paths in Figure 2.
The Green’s function for the 1D radiative transfer
equation with attenuation and a directional source is
(Haney et al., 2003):



G(x, t) ∝ e−vt(R/ls +1/la ) 2δ
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The argument of the Modiﬁed Bessel functions of order
zero (I0 ) and one (I1 ) is
η=

R
(vt)2 − x2 ,
ls

where v is the energy velocity and u the step function
to assure causality in the system. The energy losses to
body wave diﬀractions at the grooves are modeled by
the attenuation term la . R is the backscattering crosssection for a single groove and ls is the scattering mean
free path. Note that R and ls are coupled, so they cannot
be resolved individually from expression (1).
The term with the Dirac delta function represents
the ballistic propagation of energy, or the coherent signal, from here on denoted as C(x, t), while the Bessel
functions describe the incoherent signal I(x, t). Both
terms decay exponentially depending on attenuation (in
our case body-wave diﬀraction) and scattering; the latter being a redirection of energy due to scattering. For
large times (vt >> x) the coherent energy is zero and
the incoherent signal simpliﬁes to the diﬀusion equation
used to model the data in (Scales & van Wijk, 2001).
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Figure 3. Top-view of the procedure to obtain an ensemble
average.
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OBSERVATIONS

To obtain ensemble measurements over the disordered
medium, particle velocity measurements at ﬁxed sourcedetector distances are collected for diﬀerent positions
in the groove sequence (Figure 3). We used three sets
of 22 realizations with the detector 25, 50 and 75 mm
from the leading edge of the source. Figure 4 contains
waveforms recorded at 50 mm source-detector spacing. The left panel shows particle velocity for the 22
source-detector locations in the ensemble measurement.
Around 0.025 ms all traces contain relatively large amplitudes that are in phase. This is the coherent signal.
This part of the signal is independent of local variations
in the scattering distribution, whereas the later arrivals
(also known as “coda”) vary in phase and amplitude
for each source-detector location. This is the incoherent signal due to scattering from the micro-structure
in the medium. These features are even more clear in
the average trace in the middle panel of Figure 4: while
the incoherent signal tends to average out, the coherent signal is enhanced in the averaging procedure. The
right panel contains the ensemble-averaged intensities.
The total intensity is the average of each squared particle velocity trace from the left panel, and the coherent
intensity is the square of the mean of the particle velocity traces (middle panel). The coherent intensity was
smoothed by a running window of width 25 samples to
suppress large ﬂuctuations caused by zero crossings intrinsic to the coherent wave forms. By deﬁnition, the
coherent intensity is less than the total intensity (Ishimaru, 1997).

4

FITTING THE DATA WITH RADIATIVE
TRANSFER

We now estimate the scattering and absorption mean
free paths and the energy velocity using the radiative
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transfer equation by ﬁtting the laboratory data. Since
we are able to separate both the data and the radiative transfer equation into a coherent and an incoherent part, we will treat the parameter-ﬁtting problem for
each part separately. For clarity, we drop scaling terms
in the solution to the radiative transfer equation from
here on, since all data and simulations are normalized
to amplitudes at the ﬁrst source-detector oﬀset.
The Green’s function in expression (1) is convolved
with the band-limited input energy pulse. Actually determining the source signal is not trivial; because as the
source is moved across the grooves, the source wavelet is
not that of the source mounted on the smooth surface of
aluminum. Not only is the coupling between the source
wedge and the model changed when grooves are present,
scattering takes place at the grooves under the source
wedge, eﬀectively low-pass ﬁltering the source wavelet.
4.1

Coherent intensity

The coherent part C(x, t) of the Green’s function of the
1D attenuative radiative transfer equation is:
C(x, t) ∝ δ(x − vt) e−αvt .

(2)

The solid line in Figure 5 is the modeled envelope of
the coherent intensity for α = R/ls + 1/la = 17.8 m−1
and velocity v = 1818 ± 123 m/s. In our case the velocity of the coherent energy equals the transport velocity,
even though especially for resonant scattering the velocity of the coherent signal can be signiﬁcantly higher
than the group (transport) velocity (Page et al., 1996;
Kuga et al., 1993; van Albada et al., 1991). The energy of the coherent signal travels dispersively. As lower
frequency surface waves penetrate the model deeper,
they travel for a relatively undisturbed by the scatterers,
while higher frequencies are slowed by stronger scattering due to the grooves. We therefore model the energy
velocity to be a function of frequency. The smaller, secondary peak in the coherent intensity is not modeled.
This peak is most likely a part of the source wavelet,
not accounted for in the model.
4.2

Incoherent intensity

The incoherent intensity is the diﬀerence between the
total and the coherent intensity and is plotted as the
dashed curves in Figure 6. The solid lines are the result
of modeling the incoherent part I(x, t) of (1):



I(x, t) ∝ e−αvt

I0 (η) +





vt + x
I1 (η) .
vt − x

(3)

Using the energy velocity of 1818 m/s and α =
17.8 m−1 , the resulting ﬁts in Figure 6 are for R/ls =
11.1 m−1 . We ﬁt the incoherent signal only at intermediate times. At short times the incoherent data are
incomplete, and at late times energy comes back into the
system from reﬂections oﬀ the back of the model. But
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Figure 4. Data at 50 mm source-detector oﬀset. The left panel is particle velocity for 22 realizations, the middle panel the
average trace, and the right panel the natural logarithm of the total and coherent intensity.
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Figure 5. Comparison between the measured and modeled coherent intensities for 25 (left), 50 (middle) and 75 mm (right).

in the intermediate time window, the ﬁt describes the
average measured incoherent intensity. Note that the
incoherent intensity at intermediate times is of equal
amplitude for all three oﬀsets.
4.3

Fitting parameters

With R/ls + 1/la = 17.8 m−1 and R/ls = 11.1 m−1 ,
the absorption length is la = 0.15 m. If R = 0.5, the
mean of the range of possible values, the scattering mean
free path is ls = 0.05 m. Data at source-detector oﬀsets
around ls put us in the transitional regime from ballistic
to diﬀusive energy propagation. Formally, these parameters in the radiative transfer are functions of frequency,
since our scatterers have a ﬁnite depth and surface-wave
frequencies sample diﬀerent depths of the model. The
data ﬁt, however, is obtained with an average value for
the scattering and absorption parameters. To account
for dispersion in the coherent signal, only the energy
velocity was treated as a function of frequency.

5

CONCLUSIONS

The strongly scattering surface-wave model presented,
shows great ﬂexibility in understanding multiple scattering media. Not only can we measure phase and amplitude of the surface waves (allowing us to separate the
coherent from the incoherent signal), we also have the

advantage of probing the medium between scatterers.
We found that in a region around a mean free path, 1D
radiative transfer can describe our scattering medium.
Fitting both coherent and incoherent energy allows us
to resolve average values for the scattering and absorption mean free paths, eﬀectively separating these causes
for attenuation.
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