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ABSTRACT

Green’s functions in deriving our inversion representations. Furthermore, our algorithms reduce to finding quantities by ray tracing with respect to a background medium. fn the: constant-background- case; the
ray tracing can be eliminated and an explicit algorithm
obtained. In the case of a depth-only dependent background, the ray tracing can be done quite efficiently.
Finally, in the general 2.5-D case, the ray-tracing procedure becomes the principal issue. However, the robustness of the inversion allows for a sparse computation of rays and interpolation for intermediary values.
The inversion techniques presented here cover the
cases of common-source gather, common-receiver
gather, and common-offset gather. Zero offset is a special case of the last of these. For offset data, the reflection coefficient is angle-dependent, so parameter extraction is more difficult than in the zero-offset case. Nonetheless. we are able to determine the unknown angle
pointwise and derive parameter estimates at the same
time as we produce the image. For each reflector, this
estimate of the output is based on the Kirchhotf approximation of the upward-scattered data. Thus, it is
constrained to neither small discontinuities in sound
speed at the reflector nor to small offset angle as would
bc the case for a strict “Born approximation” of the
reflection process.
The prestack algorithms presented here are inversions
of single gathers. The question of how best to composite
or “stack” these inversions is analogous to the question
for any migration scheme and is not treated here.

Multidimensional inversion algorithms are presented
for both prestack and poststack data gathered on a
single line. These algorithms both image the subsurface
(i.e., give a migrated section) and, given relative true
amplitude data, estimate reflection strength or impedance on each reflector.
The algorithms are “two and one-half dimensional”
(2.5-D) in that they incorporate three-dimensional (3-D)
wave propagation in a medium which varies in only two
dimensions. The use of 3-D sources does not entail any
computational penalty. and it avoids the serious degradation of amplitude incurred by using the 2-D wave
equation.
Our methods are based on the linearized inversion
theory associated with the “Born inversion.” Thus, we
assume that the sound speed profile is well approximated by a given background velocity, plus a perturbation. It is this perturbation that we seek to rcconstruct. WC are able to treat the case of an arbitrary
continuous background profile However, the cost of
implementation increases as one seeks to honor, successively. constant background, depth-only dependent
background. and, ultimately, fully lateral and dcpthdependent background. For depth-only dependent
background, the increase in CPU time is quite modest
when compared to the constant-background case.
We exploit the high-frequency character of seismic
data ab initio. Therefore. we use ray theory and WKBJ

method is based on the Kirchhoff approximation of the
upward scattered data. Thus, it is constrained to neither small
discontinuities in sound speed at the reflector nor to small
of&et angles. We rely heavily on Cohen et al. (1986), which in
turn was founded on Beylkin (1985) and Cohen and Hagin
( 1985).
The notion of “two-and-one-half dimensions” arises from

INTRODIJCI‘ION
We show that the 2.5-D Born integral equation for a sound
speed perturbation can be inverted in a general case. We verify
this result in three cases of interest for seismic exploration,
namely, common source, common receiver, and common
offset. In this verification, the estimate of the output of our
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2.5-D Born Inversion

LIST OF SYMBOLS
,4(x, x’) = Ray theoretic or WKB amplitude of the
Green’s function for the time harmonic
wave equation.
9 = Scaling between differential arc length
and differential of parameter describing
the curve along which data are gathered
[equation (Zl)].
G(x, x’, o) = Green’s function for the time harmonic
wave equation.
h(x, 5) = A fundamental determinant defined by
equation (19).
H(x, z, 5) = A factor of h(x, 5) in the 2.5-D specialization [equation (30)].
K = Two-dimensional ray Jacobian
[equation (15)].
a,, it, = Unit downward normals at the source or
receiver points, respectively.

p = VT
p’ = Initial value of p on a ray

(p, q) = Components of Vt in two dimensions.
(pl, p2, p3) = Components of Vr in three dimensions.

R(x, 8) = Angular-dependent reflection coefficient
at x on reflector.
x,, x, = Coordinate of the source and receiver
points, respectively.
x’ = Initial value of x on a ray [equation (7)].
a(x) = Perturbation [equation (17)].
B(x, z) = Output of the inversion algorithm.
l:, 1: = 0, 1 factors which define the cases of
common-source gather, common-receiver
gather [equations (32) and (37)].
$(x, z, 5) = A sum of traveltimes defined by
equation (31).
cr = Ray parameter for which 1dx/do 1’ = l/c’.
T(X, x’) = Ray theoretic traveltime with respect to
the background sound speed.
0 = Angle between incident ray and surface
normal.
5 = Surface parameter; x, and x, are functions of this variable.

[equation (7)].

the common exploration situation of a linear (as opposed to
planar) distribution of sources and receivers. In this situation,
one has no information in the direction orthogonal to the data
line and hence can only obtain information about a slice of
the subsurface. In order to ignore the missing off-line data, one
is forced to proceed as if the subsurface did not vary in the
orthogonal direction.
In an attempt to reduce processing efforts, an additional
assumption has traditionally been made, namely, that the
actual point-like sources were replaced by line sources. This
extra assumption allows the replacement of the 3-D wave
equation by the 2-D wave equation (Claerbout and Doherty,
1972; Schneider. 1978; Stolt, 1978). Unfortunately, use of the
2-D wave equation causes degradation of amplitude information since this model implies cylindrical rather than spherical wavefronts.
Somewhat surprisingly, retention of the 3-D point-source
model over a subsurface with the 2-D symmetry just described
does not, in fact, incur a computational penalty in solving the
inverse problem (Cohen and Bleistein. 1979a; Bleistein et al.,
1985). In a recent paper Bleistein (1986) presented a thorough
discussion of the so-called two and one-half dimensional
(2.5-D) geometry and its role in modeling. Furthermore, it is
shown there that retention of 3-D sources in the direct (modeling) problem can also be carried out efficiently.
Thus it is desirable to retain the 3-D point-source model
along with the 2-D subsurface model imposed by the data
collection. We refer to this as “two-and-a-half-dimensional”
or “2.5-D.”
As in our previous inversion results (Cohen and Bleistein,
1979a; Bleistein and Gray, 1985; Cohen and Hagin, 1985;
Sullivan and Cohen, 1985; Cohen et al., 1986), we start from a
full 3-D inversion; then, by assuming that the data are invariant in one direction, specialize to the 2.5-D situation. With
the 2.5-D assumption, we can obtain formal inversions in
some cases for which the full 3-D inversion has so far eluded

us. Most notable of these cases is inversion of common-offset
gathers in the case of fully variable (x, z-dependent) reference
velocity: we include the specializations of that result to the
case of a z-dependent background velocity. We also present
the variable-background results for the case of a commonsource gather and a common-receiver gather.

REVIEW OF 2.5-D MODELING

RESULTS

Bleistein (1986) gives the derivation of the asymptotic “inplane” or 2.5-D Green’s function. Here we summarize those
results, with a slight change in notation. From the WKB approximation
G(x, x’, w) - .4(x, x’)+‘~(~.~‘)

(1)

for the impulse response or Green’s function at x due to a unit
point source at x’ and the 3-D reduced wave equation
-6(x-x’)

jv2+-&jG(x,x’,o)=

(2)

we derive the eikonal equation,
VT

- VT = 1/2(x)

(3)

for T and the transport equation,
2Vr.

VA + AV2~ = 0

(4)

for A. For 2.5-D wave propagation, we assume that
c = C(Xl, x3),

(5)

The equations for r and A can be solved by introducing the
slowness vector

p = VT,

(6)
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and the ray equations,

et al.

by 2-D ray theory with the extra multiplier of o in equation
(13) accounting for the out-of-plane spreading.

dx
- = P,

x(0) = x’,

da

P(O)
=

(7)

THE

P’

FORMULA

The Beylkin (1985) inversion formula in 3-D is

with the indicated initial data. The parameter cr is related to
arc length along rays through the first equation above and the
eikonal equation (3); i.e., 1dx/do 1= l/c(x). The initial slowness
p’ is constrained by the eikonal equation to satisfy
(8)

IP’I = l/c(x’).

2.5-D INVERSION

2

a(x) -

$)

d’r;

I h(x, 5) I
A(x, x,)A(x, x,)

Sa
x

do F(w) exp
(

- iw r(x, x,) + r(x, x,)
I

II

D(0, 5).

(16)

We consider rays which start in-plane, i.e.,
x; = 0.

(9)

We then find, from the second components in equation (7),
that p2 is constant and

(Pl> P3) = (PT4)

(11)

for the in-plane Cartesian coordinates and the horizontal and
vertical slownesses.Thus we can describe the in-plane Green’s
function (x2 = xi = 0) by the ray equations
dx
-g = P?

x(0) = x’,

dz
;i;; = 4.

z(0) = z’,

dr
z

x, = x,(S,,

S2b

=

x,h

(18)
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1 II

I

Xv)

J

2
v
at1

[

7(x, xs) + T(X, XI)

1

1

g v T(X,x,) + 7(x, XI)
2

P(0) = P’,

[

PS+ P,

1

r(O) = 0

z)’

^
=

2

1(

and the integrated transport equation

A!852

The vertical component of slowness and its initial value are
determined by
4=f

xr

(see Figure 1). Further, F(w) is a given high passband filter and
h(x, 4) is the fundamental determinant introduced by Beylkin
(1985)

(12)

1
2 ax [ c2(x, z)
_- I+,

A and T are at this point the 3-D amplitude and phase of the
WKB Green’s function, but with initial points being either the
source point x, or the receiver point x,, both of which are
parameterized by 4 = (cr, t2) on the datum surface So, i.e.,

h(x, 5) =

18

(17)

I

(10)

The necessaryand sufficient condition for such a ray to remain
in-plane is pz = 0.
We introduce the simpler and more traditional alternative
notation

dp
-=-do

U-~(X) = C-~(X) 1 + a(x) .

[

x2 = p2 6.

(x1, x3) = (x, 2);

Here, a(x) is the perturbation correction to the given reference
velocity c(x), with the total velocity v(x) being given by

J~/c’Cx,
4 -

q’ = f Jl/cZ(x’,

z’) - p’2,

(14)

and K denotes the in-plane ray Jacobian

K = 4x, 2)
a@, P’)
-=zc

P
ax

4
dz

I I

(15)

Hence, the asymptotic in-plane Green’s function is determined

>

(19)

PS+ P,
(

1

Finally, D(o, 5) denotes the observed data at x, due to the
source at x,. In equation (19) we have introduced the slowness
vectors defined as in equation (6) by
P, = wx,

P2,

PS+ P,

x,1,

pr = Vr(x, x,).

(20)

We assume h is finite and nonsingular (see Beylkin, 1985, for
an interpretation of this condition).
The crucial step in the practical implementation of equation
(16) is the efficient computation of h. In Cohen et al. (1986),
computation of h in the fully 3-D case was reduced to computation of quantities known from the ray tracing for the following source-receiver configurations: (1) zero-offset (CMP)
gather; (2) common-shot gather; and (3) common-receiver
gather.
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Using the 2.5-D assumption, we obtain an analogous reduction in general. In particular, we can invert another important conventional configuration: (4) the common-offset gather.
An alternate reduction to ray tracing is given in Beylkin
(1985).
In order to specialize the 3-D formula (16) to the 2.5-D
geometry, we assume, as in equation (5), that reference speed c
is independent of x2. We also assume that the datum surface
S, is cylindrical in the x2 direction,
x0(S) =

[

xX1),

52

34(51)
52,
z0(5)
1 (21)
1=Lx0(S),

Here we have adopted the simplified notation (11) and also
used 5 = Gr. Consistent with the 2.5-D hypothesis, we assume
that the sources and receivers are along the cylindrical direction
X 2s=52=x2s

on

So,

FIG. 1. Source-receiver surface So, parameterized by p =
(5,) c2). Source point x, (Q, receiver point x, (5).

(22)

and we seek a only at x2 = 0. The reduction to 2.5-D is then
achieved by a stationary phase calculation in c2 analogous to
that performed for the Kirchhoff forward modeling formula in
Bleistein (1986). However, as in Cohen et al. (1986), in the
inverse problem we use the rays emanating from the field
point x = (xi, 0, xj) to construct the asymptotic form of the
Green’s function G(w, x, x,) and G(o, x, x,). The stationary
phase condition is
dr(x, XJ + -dr(x, XJ
~
852
&
s0 = O.

(23)

For each of the ray families from x, we have as in equation
(lo),
Pz=Pbt

(24)

Y2 = Picf.

We denote an arbitrary point on the ray from x as y and thq
running variable on those rays as o (see Figure 3).
We now evaluate the phase derivative (23) as

a
a

jg
[

%I + m

II

x,1 so= Pa + P2r so
FIG. 2. 2.5-D surface geometry. All surfaces are cylinders generated by curves in the plane y = 0.

=

(-&+$>

52.

(25)

Here the first equality is due to definitions (20) and (22); the
second is due to the 2.5-D result (24); the third, to the nomenclature for the source and receiver points on the datum
surface So; the final result is again due to equation (22). We
use the superscript 0 on the ray parameters (T,~and o, to
denote their values on the datum surface So.
From the final equality in equations (25) and (23) it is clear
that the stationarity condition is & = 0. To complete the
stationary phase calculation, we must compute the second derivative of the phase at c2 = 0. From equation (25),

a2

ar;:r(x,xs)+ T(X,x,)

II

=$+‘.o,o

52=o

(26)

FIG. 3. Ray families from subsurface point x to the neighborhoods of the source point x,(c) and the receiver point x1(&.
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These results allow us to state the stationary phase result
formally as

(36)

a(x, z)
1; =

1; =
(27)
To reduce this result to a convenient form for computation,
we must evaluate h as defined in equation (19) in terms of
quantities computed along rays. First note that at any point
on the ray from x to x,, the slowness vector p, is just the
negative of the slowness vector for the ray emanating from x,.
The same is true for x, and p,. Hence, in a computation
analogous to equation (25) we find

Moreover, from equation (28) it is easy to compute the rcmaining quantities in the middle column of equation (19).
Since we need these results only at the stationary point k2 = 0,
the first two components of the column vanish and we find on
S,

0

common-source gather,

1

otherwise,

0

common-receiver gather,

1

otherwise.

(37)

The evaluation of the Hi (i = 1, 2, 3, 4) is carried out just as
the special case for h in three dimensions presented in the
Appendix of Cohen et al. (1986). Note that in the general 3-D
case one must also deal with determinants of the form

in which the last two rows involve different surface differentiated slowness vectors. Fortunately, this complication does
not occur for our reduced determinant. We find in the current
setting
2

H

=

1
xr,&d,
-pso

16rc1 + c’(x)ps . p,
cZ(x)

where the reduced determinant H is given by

A’@,

L

+

x&so 1:

&ii, . p,oA*@,x,b,o 1:

(38)

1

1

4 = 40, Z, 5) = t(.x, i, x,, z,) + 7(x, Z, x,, z,).

(31)

Since 4 is a sum of two terms and determinants are linear
functions of their rows, the reduced determinant H can be
expressed as a sum of four 2 x 2 determinants. In the special
case of a common-source gather where x,(k) is actually a constant, the second row of H is no longer a sum and H reduces
to the sum of only two 2 x 2 determinants. A similar reduction results for the common-receiver gather. Thus we may
write
H = (H, + H3)1: + (HZ + H4)1:,

(32)

where ps and p, denote the slowness vectors at depth and pso
and p,,,denote the slowness vectors on the surface Se. Further,
we have introduced the unit normal vectors 8, and 8, and the
differential surface elements ,,/‘& and ,G at the points x, and
x, on So. The directions of the normal vectors are determined
as follows. Associated with the parameterizations of the surface x, (5) and x,(c) are unit tangent vectors obtained by differentiation and normalization. We imbed these vectors in three
dimensions and denote them by t: = (fsl, 0, rS3)and tj = (trl, 0,
r,,), respectively. Denote by tZ the out-of-plane unit vector
(0. 1, 0). Now a,= t: x t* and a, = t,! x t*.
Combining equations (16). (29), and (38), we have the general 2.5-D inversion formula

where
a(x, Z) - 2

1

--)P, * P, CA, Al

(33)

J+‘ &

-1

OS0

(39)
(35)

Here we adopt the abbreviations
r7 = r (x, z, x, (5)?z, (5))

(40)

31

2.5-D Born inversion

and similarly for 7,. A,%,
and A,; we also use the shorthand

RELATIONSHIP
BETWEEN
da/&,
REFLECTION
STRENGTH,
AND AC

Note that for the case of the common-source gather, Zi = 0
and Ii = I ; for the common-receiver gather, 1: = 0 and 1,:= 1.
For other gathers, such as common offset, 1: = 1: = 1. Special
cases are discussed later.
2.5-D INVERSION

FOR

REFLECTOR

MAPPING

Our inversion formulas arc only valid in a high-frequency
limit. As we have shown (Cohen and Bleistein 1979a; 1979b;
Bleistein, 1984; Bleistein et al., 1985) under such circumstances it is better to process data for the upward normal
derivative ?a/&~ at each discontinuity surface of a(x), rather
than for a(x) itself. aajan is a sum of weighted singular jiinctions. Each singular function is a Dirac delta function which
peaks on a surface of discontinuity of a(x), that is, the singular
functions peak on the reflectors, thereby providing a map of
the subsurface. The weighting factor of-each singular function
is calculated below.
The references above describe a means of finding &(x)/&r
given a(x). More precisely, the Fourier transforms of these
functions are related in a simple way to leading order at high
frequency, namely,

a(x) +, W,

We now turn to the question of how formula (46) for au/&r
relates to more familiar quantities, such as reflection strength
and the jump in speed AC. It has been shown that in the
zero-offset case, au/&r = 4%(x), where R is the normal reflection coefficient. When the offset is nonzero, the situation is
more difficult in that both aa/& and R depend upon the angle
of incidence of a particular pair of rays.
To help interpret Salan correctly [i.e., the result from applying the integral operator in equation (46)], we replace D in
equation (46) by Kirchhoff approximate data for a single reflector. The details are in Appendix A where it is shown that if
n(x) denotes the unit upward normal to the reflector,
^
; - 4 cos2 OR(x, @y(x).
(47)
y(x) is the singular function of the model surface; R(x, 0) is
defined for x on the reflecting surface by

R(x, 0) =

cos 0 ~ Jc’(x)/c:

cos 0 + Jc2(x)/c$ (x) - sin2 8’

cos 0
~
= -ii(x).
c(x)

&I

k = W(P, + P,)

(43)

or
ksgn(o)=&/w

(44)

and

(48)

with c+ (x) and c(x) being the sound speeds below and above
the reflector. respectively. The angle 0 is defined by the condition

i;a(x)
+-+ik sgn (w)&(k).

Implicit in the development in Cohen et al. (1986) is the fact
that (39) is indeed an approximate (high-frequency) Fourier
integral of 6(k), with k defined by

(x) - sin’ 8

p, = -d(x).

p,,

where p,$and p, are defined in (20).
The right term in equation (49) determines a source-receiver
pair on the surface for which the point x on the reflector is the
specular reflection point; that is, for which the incident and
retlected rays make the same angle 0 with the normal to the
reflector In principle, if fi and 0 were known, in many conventional source-rcccivcr configurations this would uniquely detcrminc x, and x,. however in practice 9 and 0 are not
known.
We now show how to determine cos 0 and avoid explicit
determination of ii. We introduce another inversion operator,
D(.x,I), with a kernel only slightly modilied from that in equation (46):

We use equation (45) in equation (39) to obtain the following 2.5-D formula for da/&z:

z
1

(x, z) -

s[

4

4

1 + c2(x)p, . P,

1
3:2

x

1

dw J% F(o)e-‘““,+“‘D(w,

x

5).

(50)

I

v/a3

The integrand in equation (50) differs from the integrand in
equation (46) only in the factor 2(1 + c’p, . p,), which, under
condition (49), becomes 4 cos2 0 when this new inversion operator is applied to Kirchhoff data. Thus, the same analysis
which produced equation (47) leads to the result

&4 - P,oAf (x, x&J,0 r:

PCx,2) - R(x, @y(x).

5).

(46)

(51)

Thus b(.x, -7)is the quantity previously defined (Bleistein, 1984)
as the utlflectivit~,firnclion.
When processing for cla/r?n,for little additional cost the data
may be simultaneously processed to yield B(x, z). The ratio of
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the two at the peak of y(x) yields an estimate of cos’ 6, that is,
cos2

6

=

sai?n
(peak)

(52)

48 (peak) ’

With cos 0 known, we use equations (A-13), (A-17) and (A-18)
to calculate the peak value of y(x):

J

= 1vo Ipeak
Y(x)peak

F(w) dw = yf

.I^

F(w) dw,

(53)

where @ is defined in the Appendix.
Since we know the filter, we can now read the value of
R(x. 0) from the peak value of P(x, a) by using expression (51).
We then use equation (48) to obtain a robust estimate of c+(x),
since this is now the only unknown quantity in that equation.
We have now determined c+(x) without determining a(x) or
the particular source-receiver pair for which x is the specular
point oh tbe~relIector.
This verification suggests a recursive application of the
method in which the background velocity is updated progressively deeper in the section so that even deeper reflectors may
be properly mapped and their attendant velocity increments
can be estimated.
This interpretation is based on analysis of the output of our
inversion formula when applied to the upward-scattered wave
from a single reflector represented by the Kirchhoff approximation. This has certain advantages over an interpretation
based on analysis of the output based on Born approximation
of the input data. The latter approximation is restricted to
small perturbations in sound speed and to small offsets between source and receiver. The Kirchhoff approximation is
not subject to either of these constraints. Thus, the method
has broader application than its basis in the Born approximation would suggest. On the other hand, multiples from reflectors above the “test reflector” are still neglected. Furthermore, the background sound speed above the test reflector
must be close to the true sound speed so that this last reflector
can be properly located by the inversion.
COMPUTER

the result for discontinuous

factors of A:,

for computation. We chose the forms (46) and (50) for exposition; the amplitudes of the respective Green’s functions are
more familiar quantities than the Jacobi determinants K, and
K,. We present the results in terms of these determinants by
using equation (13) in equation (38) to write H in terms of K,,
and K,,, These are the determinants defined by equation (15)
for (p. 4) replaced by (p,. q,) and (p,, q,), respectively, and p’
replaced by p,,, and pro, respectively. The result is

H =

&

1 + c%~P, * P,

1
(54)

We now make the same replacements in equations (46) and
(SO)to obtain

2 (.x. z) -
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1

4n*V~rtc(x)

and

IMPLEMEiYTATION

For equation (46) or equation (SO). computer processing
proceeds as follows. The function D(o. 5) represents the Fourier transform of the trace, with the source and receiver points
given by x, = x,(k) and x, = x,(t). The w integration represents a filtering and inverse transform of the trace. Given an
output point x = (x, z) and a < value, we determine x,?,x,, and
then r(x, x,), T(X, x,), etc. and add to a weighted discrete sum
approximating the integral with respect to <.
For a general background velocity c(u, z), the traveltimes
and amplitudes can be determined by ray theory. The extreme
contrast is the case of a constant background, when these
terms may be expressed explicitly in terms of x, x,, and x,
We caution the reader that the results (46) and (SO) assume
a continuous background velocity c(.x, a). We can recover the
result for the case in which c(.u.2) is discontinuous above the
reflector of interest by noting that continuity of c was used
only in producing equation (38). The key step in that result is
the use of equation (13) to eliminate K. For the case of discontinuous c(.u, z), this equation is no longer valid. We can
recover

et al.

((x, z) oy replacing

x

dw fiF(o)e-‘““s+‘rD
’ (w,

5).

(56)

s

These results are valid for a fixed source and a line of
receivers, for a fixed receiver and a line of sources, or for the
common-offset configuration. In all these cases, the imaging
predicted will be true for those points on reflectors such that
equation (49) is satisfied for some pair x,, x, in the data set.
B. L. Sumner developed a computer code consistent with these
results for the case of a depth-dependent background and zero
offset, as reported in Cohen and Hagin (1985); a code for
constant background and constant offset has been developed
by Sullivan and Cohen (1985). Computer codes for other
source-receiver configurations are presently being developed.
Again, the upper surface of all these cases need not be flat,
but could be moderately curved.

the

AZ in equations (46) and (50) according to equa-

tion (I 3). The factor [A, .4,] ’ remains unchanged since it did
not come from that substitution.
In fact. this alternative representation is the one of choice

SPECIAL

CASES

Here we discuss some special cases which can be implemented by minor modification of present techniques. For sim-
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plicity we take the upper surface to be flat, so that : is a
Cartesian variable and

33

Constant-background,

common-offset

gather

We now set
g,=9,=

1,
1; = 1; = 1,

6.5* PO.=

P3s >

Par =

P3r >

x, = 3y - k,

(57)
fir *

-I-

=

(62)

.Xr= 6 + It,
z,

=

0.

To be definite, we wrote formulas only for B(.x, z); the corresponding formula for iu/?rz is derived as discussed below
equation (50). That is, we must multiply the integrand of the
B-formulas below by the factor 2(1 + c'p, . p,) to obtain the
corresponding formula for ?a/&.

and again use equations (57) and (58) in equation (50) to
obtain

%--XI
X,-XI.

Constant background

For c = constant, the solutions of equations (12) and (13)
are
Qx, x,) = Ix,

P, =

x exp

c

47-r/x,-x)’

common-source

r

replacing sub-

1; = 1;

Y, = constant,

Y, = 5;

x, = (x, >Oh

x, = (5, 0).

x exp

(59)

Thus, equation (50) becomes

Ix,--xI+Ix,--xl
l x, ~ x l l X, _ x 1
-iw

L

zero-offset gather

gather

I: = 0,

x cxp

D(O,Q.
1

Since expression (63) provides a means for processing
common-offset gathers in isolation, we may, in particular,
obtain the zero-offset result by setting I?= 0:

For the special case of a common-source gather, we set

J

i

This result agrees with Sullivan and Cohen (1985).

Constant-background,

o,o = clx, - xl,

x

c‘
)

1

and similarly for the variables with subscript
script s.
Constant background,

Ix,-x(+1x,--xl

(

(63)

x.5- x
c]x,XI’
(58)

‘4(x. YJ =

-io

1

do vliO F(o)

Ix,-x(+lx,-xl

(

1:

ilc D(0, 5).
1

2io

!

Ix, -

xl

+ Ix,

-

xl

(64)

This result agrees with Bleistein et al. (1985)
Depth-dependent

I

rL-

background

We now consider the case in which c is a continuous function of 2 alone. that is, c(x) = L.(Z).The ray equations, (12) and
( 13) in this case lead to the following. Note from equation (12)
that p(o) = p’ = constant; hence, we denote this parameter by
p,. Second, we replace o by z as the ray parameter [by dividing equations (12) by d;/do]. Hence, the system of equations
( 12) and (13) leads to

(60)

Equation (60) is a 2.5-D common-source, constantbackground inversion formula. The common-receiver case is
obtained from equation (60) by interchanging x, and x,, with
x, fixed and
x = (5. O),
x, = (.u,101,

(61)
and
x = (u. z),

(65)
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(66)
1
#4(x, n,) =
4rr Jq, (L-b, (z)K, (-_)

Given two points (s,, 0) and (.x, z), we use the equation for
I_\.,,- .Y1to solve for p,<and then use this value to evaluate t, r~
and A. The same set of formulas is used with Y, replaced by x,
to obtain the results for p,. etc., from 1x, - x j and z.
Now we use expression (50) to write the formulas for the
special cases just treated, namely, common source, common
receiver, or common offset. For a common-source gather, we
also must USCequations (57) and (59). and for a common-ofTset
gather we use equations (57) and (62).
The value in specializing to c(z) is that the formulas in
expression (66) are laterally invariant, thus requiring calculation of ray variables only for )s, - x ) and z [O(N, N,) points]
rather than for each x,. Y, and L [O(N: N_)] points] as in the
general (,(r, Z) case.
CONCLIJSIONS

We have derived a 2.5-D velocity inversion formula for reflector mapping and velocity estimation in a fairly general
setting. The background velocity can be transversely, as well
as vertically. variable: the datum surface may be curved. For a
single reflector at depth, we have applied the method to
Kirchhoff approximation and have shown that the method
does indeed produce the band-limited singular function of the
surface multiplied by the angle-dependent reflection coefficient. We have also shown how that angle can be determined
at each point. so that the fully nonlinear geometrical optics
reflection coefficient can be determined to yield increments of
sound speed. We have confirmed the validity of the method
for the cases of common-source data, common-receiver data,
and common-offset data, with zero offseset
being a special case
of the common-o&et case.This confirmation suggestsa recursive algorithm in which the output is used to correct the background sound speed progressively deeper, and then further
inversion produces a reflector map below the corrected background.
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APPENDIX

In this appendix we derive equation (47) by substituting
2.5-D Kirchhotl‘ approximate data for a single reflector into
equation (46). These data were given as equation (5X) in Bleistein (I 984). In the present notation,

dq

R(x: 0’)A: A; ei*“rs ’ %i’ . [pi + p;]

X

(A-1)
1

4+L
‘v

i

G:,n

d,,I

In equation (A-l), the primes denote evaluation on the reflector

Lion R(x’. 0’) is given by equation (48) above with x replaced
by x’ and cos 8’ defined by the left half of equation (49):
cos 0’ = - c(x’)iY .

ps

(A-3)

We now use equation (A-l) lo define D in equation (46). That
is, we are applying an inversion generator deduced from Born
approximate data to Kirchhnff approximate data. We carry
out the 5 and q integrations in equation (46) by the method of
stationary phase applied to the total phase:
~(X,X’,X,,X,)=~:+~:-T5,-~t,

x = x’(q).

(A-2)

The variable 11is taken to he arc length on the reflector and P
is an upward directed unit normal on the reflector. The func-

= r(x’(rlL x,(S)) + ++I),

x,(4))

- T(X. xs(S)) - 7(x, x1(5)).

(A-4)

2.5-D Born Inversion

The first derivatives of @ are given by

x=

[V’Ti + V’T;]

.$
(A-5)

d@

,=cv~r;-v,r.l.~+[v,r;-v~r,,.~.
5

Here
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an output point x on C’, rays through x to the x, and x, which
satisfy the stationary phase conditions, and the four regions
bounded by these rays.
An additional stationary point on C’ would be in regions I
or II. Suppose that the stationary point is (i, fl) with corresponding spatial coordinates .%‘, cs. 2, with 2’ in region I as
shown in Figure A-2. According to equation (A-E), we must
consider the traveltime functions from x and 2 to & and 2,
and their gradients. The assumption that there are no caustics
in the ray families from ks and %, guarantees that

(A-6)
(A-9)
Setting ii@)l(;n= 0 gives the law of reflection, namely, the
dominant point on the reflector is the point for which the
angle of incidence equals the angle of reflection. This conclusion is usually stated in terms of the normal components:
V’$.

ii’ = v5; . ii!.

(A-7)

The condition ?@,:‘(:<= 0 may be written as

v,qdx’+v T’ dxr=Vs% .dx,+v’ ’ dx,,
d&
&
r 2‘
T

dS

Thus. the sums in equation (A-8) cannot be equal. In region II,
the same conclusion holds with reversed inequalities, and
hence the only stationary point when x is on c’ is x’ = x.
Wc now examine the effect of moving x off of C’. Equations
(A-7) and (A-8) will continue to have a unique solution in
some neighborhood of C’, provided that the Hessian matrix

(A-8)
(A-10)

Equation (A-S) may be interpreted geometrically as requiring
the equality of the sum of the projections of the gradients of
the phase r and r’ on the observation curve.
If x is on the reflector, then one solution of equations (A-7)
and (A-8) is that x’ = x and x, and x, are a pair of points on
the upper surface for which the law of reflection (A-7) is satisfied. The former condition determines n and the latter determines 5. For some cases: e.g., common midpoint, there could
be many values of c, i.e.. many source-receiver pairs which
make the phase stationary. However. for the case of commonsource, common-receiver, and common-offset gathers, there is
at most one <, assuming that there are no caustics in the ray
family from x to the upper surface. There is always the possibility that no 5 satisfying equation (A-8) can be found, for
example, because the spread length is too short. However, we
proceed under the assumption that one j does exist,
The question arises as to whether there are other stationary
points when x is on the reflector. To examine this, consider
Figure A-l which shows a reflector C’, an observation curve C,

This second derivative is computed below and given by
equation (A-26). It is seen to be a sum of nonnegative terms
with at least one of 1: and 1: being equal to unity. To assure
?Q/?@n is positive, one must assume that the ray directions
at the upper surface are not tangent to that surface-n. pSo>
0, h . p,(] > &and
that the rays from x,~and x, are not anticollinear at the point x = x’, i.e., cos 0 # 0. Equivalently, the
rays are not tangent to the reflector at x’.
The determinant of M and the signature of M are also

FIG. A-l. Stationary triple x’, x,, x, for x on the reflector C’
Note x’ = x.

FIG. A-2. Candidate stationary values 2X and 2, for stationary
point on c’ not equal to x on C’.

has a nonzero determinant at the initial solution x’ = x. Note
that at x’ = .Y,@ = 0, and so are all of its E,derivatives, including c%,i?<‘. Thus,
(A-l 1)
det
Ml_=- [gq*Ix,_x.

Blelstein et el.
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required for the stationary-phase formula. Since det M < 0,
the eigenvalues of M are of opposite sign and sig M = 0, for x
on C’ and hence, for x in some neighborhood of C’.
Thus, the result of applying the method of stationary phase
to (46) and (A-l) is
iia(x)

an-

87F$
-[c(x)

1 + C2WP, * P,
1

3’2 A@‘, x,Mx’, %I
A(% x,)A(x, x,)

x[J95
ii,
*pso
A*(&
x,b,o
1:
l/l I

+ Jz a, * p,oAZ(x, x,b,o 1:

J+‘ ’

x_-

’
e,)

W) =

)vm)

Y(X)
=

(x) - $$

(1 + cos 28) cos 0R(x, @y(x)

akaq

II I

+ &ib~,oAhJ:

c(x’)

/ g

o,o

s

do F(o) exp

(A-18)

fi’

where we have introduced y as the singular function of C’.
Because the support of the delta function is C’, we need only
evaluate the amplitude in equation (A-12) for x on C’, in
which case the stationary condition for n guarantees that x’ =
x. We obtain

;

a2D

6(s,)

OS0 o,o 2 cos 8’

L+f
J a:,
x

R(x,

tion of normal distance s, from C’,

iw@(x, x’, x,, x,)

1

The values of x’, x,, and x, are subject to the stationary phase
conditions (A-7) and (A-S). The o integration can be recognized as a band-limited delta function,

(A-19)

subject to the stationarity conditions. Here we have used relation (49) to simplify the dot product P,~- pr
Finally we evaluate the mixed derivative of @ at the stationary point. From equation (A-5)

(A-20)

do F(o) exp (io@(x, x’, x,, x,)),

2x;S(@(x, x’, x,, x,)) =
s

From the eikonal equation,
(A-13)

with the band limiting implicit in the presence of the filter F(o)
in the integral. Thus, the o integral is negligible except in
some neighborhood of Q = 0, subject to the stationary phase
conditions.
The condition @ = 0 is satisfied on the curve c’ when the
stationary condition (A-8) holds, since equation (A-8) implies
that x = x’. We claim that in the neighborhood of c’, @ = 0
only on C’. To see why this is so, examine the total gradient
VT@ of Q, taking into account that the stationary conditions
define 5 and n as functions of x. We consider x’ as fixed on C’.
This gradient can be written as
(A-14)

?Pi.,
-=_-3

Pi, >Pi,
Pi,

%

(A-21)
’

and similarly for pi,. Thus

-a*@

z

-

clyq

-

1 -ad,

P;,

p;

.8’

-

1
--&

api, .8’,

ag

p;

(A-22)
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where we have introduced the upward normal
(A-23)
Again, using equation (49) and the stationary condition,
x’ = x, we find
(A-24)

where

v=

I&>$1

(A-15)

However, the stationarity conditions are precisely &D/a6 = 0,
?@/?n = 0, so that
(A-16)

V,@ = VQ.

The derivatives of pls and plr can be evaluated from the
method expounded in Cohen et al. (1986) to yield

1 8Pls
--=

167r2A2(X,x,)&t-i,

rJ.1, X

*p,o
(J&l
1:

(A-25)

and a similar result for pr Hence
The right side of equation (A-l 6) has magnitude

I V@12= I Vs(x, x,) + Vr(x, x,) I2

1.

(A-17)

This last expression is zero only if p, and p, are anticollinear,
which we have assumed is not true. Thus, VT@ # 0 and the
only zero of @ in the neighborhood of C’ is C’ itself.
We now rewrite our band-limited delta function as a func-

+

&fir - p,oA’(x,

x,)o,o1: ,
1

(A-26)

and so equation (A- 19) becomes
$

(x) - 4 cos* 8R(x, e)y(x).

(A-27)

