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Born theory of wave-equation dip moveout

Christopher L. Liner*

ABSTRACT

Both integral operators are theoretically based on
theBorn asymptotic solution to the point-source, scalar wave equation. This total process, termed Born
DMO, simultaneously accomplishes geometric spreading corrections, NMO, and DMO in an amplitudepreserving manner. The theory is for constant velocity
and density, but variable velocity can be approximately incorporated.
Common-shot Born DMO can be analytically verified by using Kirchhoff scattering data for a horizontal
plane. In this analytic test, Born DMO yields the
correct zero-offset reflector with amplitude proportional to the angular reflection coefficient. Numerical
tests of common-shot Born DMO on synthetic data
suggest that angular reflectivity is successfully preserved. In those situations where amplitude preservation is important, Born DMO is an alternative to
conventional NM0 + DMO processing.

Wave-equation dip moveout (DMO) addresses the
DMO amplitude problem of finding an algorithm which
faithfully preserves angular reflectivity while processing data to zero offset.
Only three fundamentally different theoretical approaches to the DMO amplitude problem have been
proposed: (1) mathematical decomposition of a
prestack migration operator; (2) intuitively accounting
for specific amplitude factors; and (3) cascading operators for prestack migration (or inversion) and zerooffset forward modeling.
Pursuing the cascaded operator method, wave-equation DMO for shot profiles has been developed. In this
approach, a prestack common-shot inversion operator
is combined with a zero-offset modeling operator.

carefully designed with amplitude preservation in mind, then
amplitude interpretation becomes suspect.
Every DMO process, kinematic or otherwise, does something to amplitude. Some writers explicitly address this
issue, while others, more interested in the imaging aspects,
do not. There has been much recent work on DMO amplitude (Jorden, 1987; Beasley and Mobley, 1988; Black and
Egan, 1988; Gardner and Fore], 1988; Liner, 1989). Although
there may seem to be as many approaches as authors, all of
this work actually follows from three fundamentally different
approaches to the DMO amplitude problem.
The first approach is operator splitting. Beginning with
Yilmaz and Claerbout (1979), there have been several careful
derivations of DMO from prestack full migration (PSFM).
The idea is to manipulate the PSFM operator so that
something between NM0 and poststack migration is isolated, and identify this as DMO. Many PSFM operators are
known, but the one universally used in this approach to

INTRODUCTION

Many forms of kinematic dip moveout (DMO) have been
suggested for common offset (Deregowski and Rocca, 1981;
Hale, 1984; Berg, 1985; Notfors and Godfrey, 1987; Bale and
Jakubowicz, 1987; Fore1 and Gardner, 1987; Liner and
Bleistein, 1988), and Biondi and Ronen (1987) have extended
this work to common-shot DMO. For all their differences,
these forms of DMO share a common origin in that they are
ultimately based on the dip-corrected NM0 equation. Kinematic DMO, by definition, addresses only the issue of
traveltimes. Here, I am concerned with the question of DMO
amplitude.
DMO amplitude should be of concern because, in practice, data amplitude is interpreted after DMO. This interpretation can be prestack amplitude-versus-offset (AVO) analysis or even poststack, postmigration as in bright spot work.
If the entire processing stream, including DMO, is not
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DMO is based on the double square root (DSR) equation (see
Claerbout, 1984). A particularly elegant exposition is given
by Hale (1983). Recently, Black and Egan (1988) revised this
method.
DMO amplitudes derived by operator splitting will be as
meaningful as those of the original migration operator.
Unfortunately, the DSR method of prestack migration is
itself not rigorous with respect to amplitude. Specifically,
there is no theoretical relationship between the migration
result and subsurfacereflection coefficients. Also, there is no
known method of splitting amplitude-rigorous prestack migration operators such as those discussedby Beylkin (1985)
and Bleistein (1987). However, recent work by Jakubowicz
and Miller (1989) may lead to progress in this area.
The second approach to the DMO amplitude problem may
be termed intuitive. This method accounts for specific amplitude factors in a rigorous, but isolated, manner.
Deregowski and Rocca (1981), while deriving the DMO
impulse response from kinematics, propose an amplitude
which is empirically related to the impulse response curvature. They mention that a more rigorous amplitude treatment
is possible using ray theory. Later, Deregowski (1985) used
ray theory and some a priori conditions, such as operator
taper, to find an amplitude term. This analysis presupposes
that various processessuch as geometric spreading correction have already been performed on the data. A combination of theoretical derivation and a priori assumptions also
appears in the amplitude work of Beasley and Mobley
(1988). Finally, Gardner and Fore1 (1988) argue for an
amplitude term based on linearized scattering coefficients,
operator curvature, spreading, and midpoint sampling.
The third approach to DMO amplitude is cascaded operators. Deregowski and Rocca (1981) considered a thought
experiment where prestack migration is followed by zerooffset forward modeling. The impulse response for this
cascadedprocessis an operator which maps prestack data to
zero-offset: the DMO impulse response. Their analysis was
aimed at finding the geometry of the DMO operator. That is,
they were concerned only with the kinematics of the cascaded process. However, by using amplitude-rigorous migration and modeling operators, this cascadedapproach can
take on new meaning. Such a class of migration operators
has recently become available (Bleistein, 1987; Beylkin,
1985). To distinguish these amplitude-preserving operators
from those of classical migration, they have generally come
to be termed “inversion operators.” The name derives from
their origin in mathematical inverse theory.
Pursuing the cascaded operator approach, an inversion
theory wave-equation DMO has been developed (Jorden,
1987; Jorden et al., 1987; Liner, 1989). In this method, a
prestack inversion operator is combined with a zero-offset
modeling operator. Both integral operators are theoretically
based on the Born asymptotic solution to the point-source
scalar wave equation. This approach combines the elegance
of Deregowski and Rocca’s original idea with the wave
equation and the amplitude-conscious rigor of mathematical
inverse theory.
The initial aim of this report is to create a “first-order”
theory of wave-equation DMO as a possible alternative to
kinematic DMO. In keeping with this goal, the theory
assumesconstant density and constant background velocity,
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but variable background velocity can be approximately
incorporated.
THE WAVE-EQUATION BASIS
The developments below are based on the point-source
scalar wave equation:

[v*
-[y} -+

4 = -6(r)6(x),

(1)

where P(t, x) is the wave field, and x is a position threevector. This equation assumes constant density and background velocity. The velocity term is an expansion of the
true velocity field V(x) with respect to the constant background velocity v,
1
-z=z
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The quantity (Y(X)is termed the velocity perturbation.
The wave equation (1) can be viewed in two fundamentally
different ways. If the velocity terms v and LX(X)are known,
then solving equation (1) for the data P(t, x) will be a forward
modeling process. Conversely, if the data and background
velocity are known, then solving equation (2) for u(x) is an
inverse problem.
BORN 2.5-D MODELING AND INVERSION
Zero-offsetmodeling
The 3-D wave field P(t, x) in equation (1) exists at every
point in three-dimensional space. Consider a backscatter
experiment where the source and receiver are coincident.
Since the background velocity v is constant, the only reflections observed will be due to the perturbation a(x). Within
the context of zero-offset modeling (Y(X)is proportional to the
normal-incidence reflection coefficient multiplied by a
Heaviside step function. The step function gives the location
of the velocity discontinuity and, from a(x), its magnitude is
known. This interpretation of alpha holds only for zerooffset modeling, and, for this special case, the perturbation
will be termed (Y”(X).
If the background u and aO(x) in equation (1) are known,
then an approximate 3-D solution for the data, P(r, x), can be
derived from Born theory (Cohen et al., 1986). The interest
here is in processing a 2-D line of data, while still allowing
for 3-D spreadingeffects. This is termed 2.5-D theory, and is
discussedat length by Bleistein (1986). Modeling and inversion formulas for 2.5-D are derived from their 3-D counterparts by asymptotically eliminating the out-of-plane variables.
Let the recorded line of zero-offset data be represented by
PO(wO, x0), where o0 is the zero-offset frequency and x0 is
the zero-offset source-receiver location. The 2.5-D Born
modeling formula is
3/Z
PO(WO,

x0)

-

(--iw0)-

dx dz Aoeiwu4uao(x, z),

(3)

where (x, z) is a two vector spanning the subsurface.
Constant density and velocity are assumed. The amplitude
and phase terms are given by
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2.5-D BORN DIP MOVEOUT
A0 =

(4)

u

where the zero-offset distance is
ro = VW,

(5)

At this point 2.5-D Born integral operators have been
given for zero-offset forward modeling relation (3), and
prestack inversion relation (6). Following Jorden (1987), a
mapping to zero offset is proposedthat is represented by the
cascadedprocess

as shown geometrically in Figure 1.
Born DMO = Zero-offset modeling [Inversion [Data]].
Prestack inversion
Starting with the 2.5-D Born forward modeling integral (2),
one can derive a 2.5-D inversion formula which will asymptotically recover (Y~(x, z) when Po(wo, x0) and ZIare known.
This would be a zero-offset inversion formula. The inversion
formula needed here, for offset data, is given for 2.5-D and
general velocity variation by Bleistein et al. (1987). Let
Pj(wi, Xi) denote the recorded offset seismic data where wi is
the frequency corresponding to reflection time and Xi is the
spatial coordinate parameterizing the input data. In this
notation the 2.5-D prestack inversion formula is

%(X,
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Jorden’s (1987) work involved cascading full 3-D operators, which were then analytically reduced within the DMO
derivation to 2.5-D. The 3-D operator approach is not
pursued here, but is interesting because it opens the possibility of quantifying the out-of-plane component of 3-D DMO
(Jorden, 1987).
The cascaded process defining Born DMO will involve
substituting (Y~(x, z) for (Y~(x, z) in equation (3). This means
that a process will be designed to pass angular reflection
coefficients from the input data through to the zero-offset
result. The angular information is then available for further
analysis
Substituting the inversion (6) for (Y~(x, z) in equation (3)
gives

where a,(~, z) contains the angular reflectivity of the input.
Again, constant density and velocity are assumed. The
amplitude and phase terms are given by
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The input data acquisition geometry (common-shot, common-offset) is specifiedby the Beylkin determinant (Beylkin,
1985; Bleistein, 1987), H = H(x, z, xi).
The terms r, and rg are defined in terms of generic source
and receiver locations x, and xg which are in turn functions
of the general coordinate Xi. From the geometry of Figure 1,
it follows that
rs = VW;

dx dz dxi doi

(8)

xg(xi).

where all symbols are defined above.
The formula (9) as given is not computationally viable.
The subsurface variables (x, z) are not present in either the
input data Pi(wi, Xi) or the output Pg(og, x0). These were
fundamental quantities for the individual modeling and inversion formulas, but for the cascadedoperation (9) they are
dummy variables. The x and z integrals must be evaluated
analytically. This processis outlined in the Appendix for the
common-shot input geometry.
Let Pi(ti, xg) represent a shot profile which has not been
corrected for NM0 or geometric spreading. The recorded
traveltime is ti and xg is the geophone coordinate. The
formula for 2.5-D common-shot Born DMO is
xg)t
dxgdti AshotNri - +i)d:/2Pi(tit
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FIG. 1. Geometry of 2.5-D Born DMO.
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FIG. 2. Model for scattering from a general horizontal plane.
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where the fractional derivative operator a[:‘* is defined as
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where v is the constant background velocity and the zerooffset time t0 is

and where (see Figure 1)
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Born DMO simultaneously does spreading corrections,
NMO, and DMO. The theoretical development assumes
constant density and background velocity. While a constantvelocity DMO might be acceptable, constant-velocity NM0
is not. To handle velocity variations approximately, the
constant-velocity Born DMO theory can be used with a
variable rms velocity field. In this way the velocity field is
being treated consistently for spreading corrections, NMO,
and DMO. By treating the velocity field in an rms fashion,
good results are expected until the true raypaths are significantly curved. In general, using the rms velocity field will
yield results accurate to leading order in offset squared.
Born DMO is susceptible to the maladies of other
(t, x)-domain DMO algorithms, including aliasing of the
operator at steep dips and operator degeneracy at very near
offsets. Some of these issues are discussed in a general
setting by Hale (1988).
ANALYTIC

VERIFICATION

Taken literally, the common-shot Born DMO formula (10)
implies a weighted integration through the input shot profile
to generate each output point. The dominant, and desired,
contribution from this integral will come from a stationary
point corresponding to the specular reflection geometry of
Figure 1. If the range of integration is too narrow (i.e., too
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and the full offsetf is

frequency-domain multiplication by G.
The amplitude
and phase terms for expression (10) are given by
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FIG. 3. Ray theory shot profile for a horizontal plane. The
amplitude variation with offset is a combination of geometric
spreadingand angular reflectivity. The model is described in
the text.
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FIG. 4. Common-shot Born DMO of data in Figure 3.
amplitude versus offset (AVO) behavior, due to angular
reflection coefficient R(o), has been preserved.
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few input traces), then unwanted end-point contributions
will dominate the output. Output amplitudes will be correct
only when well away from end-point effects. If a single spike
of amplitude were processed, the output would be nothing
but end-point effects. It follows that the impulse response,
which is the canonical experiment for kinematic DMO, is
inappropriate for evaluating the fidelity of DMO amplitude.
The canonical problem for DMO amplitude, as with migration amplitude, is the plane reflector.
Born DMO (10) claims to directly map shot profile data to
zero offset; that is, Born DMO accomplishes geometric
spreading (GS) correction, NMO, DMO, and inverse GS.
Inverse GS introduces the correct zero-offset spreading
factor into the output. Furthermore, any angular reflectivity
in the shot profile will passinto the zero-offset output. These
claims can be verified by applying Born DMO to analytic
data for a horizontal plane.
Figure 2 shows geometry for scattering from a general
horizontal plane. The source x, is fixed and there are
assumed to be several receivers xg. The depth to the
reflector is D, and the velocity down to that level is a
constant v. To leading order, the data received at the
geophones will have the form (Bleistein, 1984)
R(a)e2iwrr/7~
Pi(Q);,

Xg)

(17)

r=~~~,

-

8rrr

’

where Oi is the frequency variable for the input reflection
time ti. The expression (17) is termed Kirchhoff data for the

horizontal plane. The function R(a) is the full nonlinear
angular reflection coefficient, and (Yis the angle of incidence.
Analytically processing relation (17) with the commonshot Born DMO formula (10) yields the desired result
R(a)G(to
Po(fo,

x0) -

- 2roh)

8aro

’

(18)

where r. = D. The proof of expression (18) is lengthy and
may be found in Liner (1989). From expression (18) it is seen
that shot-profile Born DMO applied to horizontal reflector
data correctly locates the reflector at the zero-offset location, IO = 2ro/lJ, with the correct zero-offset spreadingfactor
8-rrro while preserving the full angular reflection coefficient
R(a).
For zero-offset reflection from a horizontal plane, the
spreading term 8nro is constant. For a dipping plane or
curved surface, it will not be constant and may mask
variations in R(a). From expression (18) it follows that input
data could be processed directly for R(a) if the amplitude
term (11) is multiplied by 8mo.
SYNTHETIC

EXAMPLES

It has been shown that the common-shot Born DMO
algorithm is theoretically correct. However, computer implementation must be approached carefully if the goal of
amplitude-preservation is to be realized in practice. In
particular, the effects of operator aliasing and interpolation
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model is described in the text.

FIG. 6. Common-shot Born DMO of the dipping plane data in
Figure 5. The output amplitude contains R(a) and zero-offset
spreading.
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can be severe. The computer program developed in this
study treated operator aliasing by simply truncating the
operator when aliasing was imminent. This is a fast, but
crude, technique which accounts for much of the “jitter”
seen in the synthetics below. For interpolation, an eightpoint sine algorithm was used. To benchmark amplitude
preservation of the computer program, a synthetic test was
performed (not shown) in which the correct amplitude result
was known to be 1.OOOfor all output traces. Geometrically,
the model consisted of a horizontal plane at 1000 m depth.
Velocity above the interface was 3000 m/s. The near offset
was 100 m, and there were 100 receivers spaced 10 m apart
for a far offset of 1100 m. The peak amplitude values, away
from end-point effects, were within 510 percent of the
correct value. This result is consistent with the theory,
allowing for numerical errors. I assume this order of accuracy is also obtained in the synthetic tests shawn~belnw.
The models consisted of the geometry described above.
The velocity above the interface is 3000 m/s and velocity
below it is 7000 m/s. Forward model data were created using
Docherty’s (1987) Cshot computer program, a ray-tracing
algorithm which incorporates spreadingand the geometrical
optics reflection coefficient R(a).
The synthetic shot-profile data for the horizontal plane are
shown in Figure 3. There are two competing amplitude
effects on this data: an increase of R(a) with offset, and a
decrease of amplitude with offset due to geometric spreading. Figure 4 is the result of applying Born DMO to the
shot-profile data. The output reflector is properly located at
the zero-offset time 2r01v = .667 s, and the features of R(a)
have been preserved. Since the reflector is horizontal, the
zero-offset Born DMO data have a constant spreading factor.
Next consider a single dipping plane. The velocity increasesfrom 3000 m/s to 7000 m/s across the interface. The
near offset is 200 m, the receiver interval is 20 m, and there
are 100 receivers. At its deepestpoint, the reflector is 1500m
deep and the dip is 24 degrees. Shot-profile data for the
dipping plane are shown in Figure 5. Born DMO of this data
to zero-offset gives Figure 6. The amplitude curve indicates
variations in R(cu)and geometrical spreading.
The tests given here by no means constitute a comprehensive evaluation of Born DMO. They are meant only to show
that the process is computationally feasible and may be an
alternative to conventional NM0 + DMO processing when
amplitudes are of concern.
CONCLUSIONS
A Born theory of dip moveout (Born DMO) has been
developed which preserves amplitude while simultaneously
performing spreading corrections, NMO, and DMO in a
wave-equation sense. The method assumesconstant density
and background velocity, and is based on the general theory
of inversion due to Beylkin (1985) and Bleistein et al. (1987),
and follows the work of Jorden (1987).
A formula for common-shot Born DMO was given. The
algorithm was analytically applied to Kirchhoff scattering
data for a general horizontal plane data. It was shown to
Preserve the full nonreflection coefficient and introduce the
correct zero-offset spreading factor.

Velocity variations can be approximately accounted for
while maintaining the speed of the Born DMO algorithm by
applying the constant-velocity Born DMO theory, but actually allowing a variable rms velocity field. In general, by
using the rms velocity field, the process should be accurate
to leading order in offset squared.
The importance of Born DMO to amplitude-versus-offset
analysis was illustrated by processing ray theoretical synthetic data for a horizontal and dipping plane. The Born
DMO algorithm successfully passed the angular reflection
coefficient into the zero-offset output data. For those cases
where post-DMO amplitude is an issue, Born DMO gives an
alternative to conventional NM0 + DMO.
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APPENDIX
OUTLINE DERIVATION OF COMMON-SHOT BORN DMO
Begin with the cascaded Born DMO equation (9)
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Using expression (A-5) in expression (A-3), the z integration is done analytically, yielding
dx dxi doi A2e-iW”’

potto, x0) - a:,

fl’

~(r,r,)~‘~H
Al = AiAo =
2”2(2Tr)‘#(‘rs

(A-2)

+ rg) 1’2 .

In what follows the goal is to analytically eliminate (x, z).
The major events of the derivation follow Iorden (1987), but
there are significant differences in detail.
The first step is to inverse Fourier transform expression
(A-l) with respect to oo, which occurs on the right-hand side
only as eiooQo
and (-i~,)~“.
The result is
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where the amplitude term is now given by
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Isolating the n-dependence, write relation (A-6) as
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The x integral is evaluated asymptotically by the method of
stationary phase. The stationary phase condition &&/ax = 0
defines a stationary point x,. given by

where the correspondence (-i~~)~‘~ + a;‘2 has been used,
and offsetting factors of 2~ have been canceled.
The delta function argument is a function of z. The zero of
the argument defines a critical point zC given by

4Ps + P,)

x,

=x0

pg

=x

+

2PsPg ’

(A-9)

where
zc = um;
(A-4)
ut0
rO=-,

2

where the second equality follows directly from to = +o.
From a standard S-function property (Bleistein, 1984, p. 48),
it follows that

9

-xc,.

(A-10)

This condition (A-9) is interperted as defining the specular
raypaths shown in Figure 1. The critical point x, will not be
defined if p, = 0 or ps = 0. We conclude that x0 must lie
between the source and receiver (i.e., Ix,1 < 1x0/< 1~~1).
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Born Wave-equation DMO
Applying the stationary phase formula (Bleistein, 1984)
gives the asymptotic result
dx A2 e -iW+i

-

[

2mr,3rg

(A-l 1)

P,20,

+ rg)

1

Using the stationary phase evaluation (A-l l), write expression (A-8) as
Pi(Wi
Potto,

x0)

-

dxi dwi A3Cio1’i

a:/’

iWj

=

8(2n)3’2(r,

312r,r,
3 t12ff

+ r,)lf3, 15’2zc’

Recognizing an exact Fourier transform, the wi integral in
expression (A-17) can be performed to give a (t - x)-domain
formula
dxi dti ASS(ti - $i)a,!,‘2Pi(ti,

’
(A-12)

+ r,)lpslzc’

The action of the fractional derivative operator a:” will be
evaluated analytically. Isolating the to-dependence of the
integrand, write expression (A-12) as
pi(Oi,

dxi dmi

Xi)

a:$2[A3e-iw+i],

iOi

(A-i~4j

Consistent with previous “leading order” approximations, I
use the asymptotic relationship

AS = 2TA4

=

8(27r)“‘(r,

+ rg)lps15’2zc’

e -iwl$z

- A3(-iwi)3’2

H

shot =

33
v- rg,

(A-15)

rg)

(A-21)

.

Combining equations (A-20) and (A-21), the common-shot
Born DMO amplitude term is found to be

From earlier definitions it follows that

rof

rOf3”

ato 2rglPsl’

(A-16)

Using this result, expression (A-14) becomes
dxi dwi A4CiW”’

(A-20)

which is the final form of the general 2.5-D Born DMO.
To this point, only a single source and receiver have been
discussed, and the collective geometry of the input data
(common-shot or common-offset) has not been specified.
The theory dependson the input data geometry only through
the Beylkin inversion determinant H. The Beylkin determinant for common-shot inversion is given by Jorden (1987).
However, that determinant contains a term which depends
err the angle of incidence For Born DM~OJo
this would pass
through and show up as a pseudo-AVO effect. The appropriate determinant for Born DMO is
22,(rs +

ah

Xi),

(A-19)
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where the amplitude term is now

= (4n)3’2rf2(r,
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3 Xi)

where the amplitude term is given by

potto

[
A,,=A3

112e -ior$8

1

where the amplitude is given by

fi

Pi(wi, Xi),

(A-17)

A shot

= AS (ffshot)

=

4(2aur,)‘“lP,15”

’

(A-22)

where the relationship lp,jrg = IQ,
has been used. Gathering up this amplitude term with expression (A-19) and
identifying the input x-coordinate Xi with the geophone
coordinatexg yields the common-shot Born DMO formula as
given in equations (lo)-( 16).

